It has been recently proposed that very massive white dwarfs endowed with strongly quantizing magnetic fields might be the progenitors of overluminous type Ia supernovae like SN 2006gz and SN 2009dc. In this work, we show that the onset of electron captures and pycnonuclear reactions in these putative super-Chandrasekhar white dwarfs may severely limit their stability.
Introduction. With a mass comparable to that of our Sun but enclosed inside a radius of the order of that of Earth, white dwarfs represent the final stage of low and intermediate mass stars (i.e., with a mass < ∼ 10M ⊙ , M ⊙ being the mass of our Sun). As a consequence, their observations can potentially shed light on stellar, galactic and even cosmic evolution (see, e.g., Ref. [1] ). In particular, white dwarfs are generally thought to be the progenitors of type Ia supernova (SNIa) explosions (see, e.g., Ref. [2] and references therein for a recent review). With their assumed universal calibrated light-curves, SNIa have been widely used as distance indicators in observational cosmology thus showing that the expansion of the Universe is accelerating (see, e.g., Ref. [3] ). However, the recent discovery of overluminous SNIa, whose progenitors are thought to be "super-Chandrasekhar" white dwarfs with a mass M > 2M ⊙ , may spoil cosmological measurements (see, e.g., Ref. [2] ). These peculiar SNIa may result from the explosions of rapidly rotating white dwarfs or from the mergers of two massive white dwarfs [4] . Alternatively, it has been recently suggested that overluminous SNIa could be the manifestations of the explosions of strongly magnetized white dwarfs [5] [6] [7] [8] [9] . In the presence of a strongly quantizing magnetic field, the equation of state of dense matter becomes so stiff that the electron degeneracy pressure may be high enough to support white dwarfs with masses up to ∼ 2.6M ⊙ . In this paper, we show that the onset of electron captures and pycnonuclear reactions, which were neglected in previous studies, may severely limit the stability of such putative super-Chandrasekhar white dwarfs. The global stability of such stars is also briefly discussed.
Model of magnetic white-dwarf matter. The global structure of a white dwarf is determined by the equation of state, i.e. the relation between the pressure P and the mass density ρ. In the model we adopt here (see, e.g., Ref. [10] and references therein), the interior of the star is assumed to be made of fully ionized atoms arranged in a regular crystal lattice at zero temperature. In addition, the whole star is supposed to contain crystalline structures made of the same type of nuclides with proton number Z and atomic number A (but the geometry of the crystal lattice can vary with depth). The electric charge neutrality condition implies that mass density can be expressed as ρ = n e mA/Z where n e is the electron number density and m the average mass per nucleon (approximated here by the unified atomic mass unit). The pressure P is given by the sum of the electron degeneracy pressure P e and the pressure P L arising from the crystal lattice. According to the Bohr-van Leeuwen theorem [11] , the lattice pressure is independent of the magnetic field apart from a negligibly small contribution due to quantum zero-point motion of ions [12] . In the highdensity domain that we consider here P L ≪ P e (see, e.g., Ref. [10] ). In the following, we will therefore approximate P by P e . In the presence of a strong magnetic field, the electron motion perpendicular to the field is quantized into Landau levels (see, e.g., chapter 4 from Ref. [13] ). Ignoring the electron anomalous magnetic moment (see, e.g., Section 4.1.1 from Ref. [13] and references therein), and treating electrons as a relativistic Fermi gas, the energies of Landau levels (which were actually first found by Rabi [14] ) are given by
where m e is the electron mass, c is the speed of light, n L is any non-negative integer, σ = ±1/2 is the spin, p z is the component of the momentum along the field, and B ⋆ = B/B crit with the critical magnetic field B crit defined by B crit = m 2 e c 3 /(eh) ≃ 4.4 × 10 13 G, e being the elementary charge (gaussian cgs units are used throughout this paper). The expressions for the electron energy density E e and corresponding electron pressure P e can be found in Ref. [13] .
In the outer shell of a real white dwarf, matter is generally not degenerate and is expected to contain various light elements, mainly hydrogen and helium. However, the contribution of this region to the maximum mass, which is our main concern here, is negligible (see, e.g., Ref. [15] ).
Maximum mass of super-Chandrasekhar white dwarfs. Previous studies showed that the maximum mass of magnetic white dwarfs is almost unchanged for B ⋆ ≤ 1 [15] [16] [17] . While in the absence of a magnetic field P ∝ ρ 4/3 at high densities, the equation of state becomes much stiffer in the strongly quantizing regime B ⋆ ≫ 1, with the pressure varying as P ∝ ρ 2 . For this reason, it has been recently argued that the maximum mass of strongly magnetized white dwarfs could be much higher than the Chandrasekhar limit for ordinary white dwarfs [5] [6] [7] [8] [9] . Considering a uniform magnetic field, these authors showed that the limiting mass of such hypothetical superChandrasekhar magnetic white dwarfs is reached when the central density ρ c approximately coincides with the density ρ B at which electrons start to populate the level ν = 1. This density is given by (see, e.g., Chap. 4 in Ref. [13] )
where λ e =h/(m e c) is the electron Compton wavelength. The authors of Ref. [8] estimated the maximum mass of a white dwarf endowed with a uniform magnetic field from the analytic solutions of the Lane-Emden equation. Considering the strongly quantizing regime for which
, they found the following expressions for the white dwarf mass M 0 and radius R 0
where G is the gravitational constant. Note that the radius is independent of ρ c , and is completely determined by the stellar composition and the magnetic field strength. Setting ρ c = ρ B in Eq. (4) 
Note that M max is independent of the magnetic field strength. Replacing Z/A = 1/2 in Eq. (5) for a carbonoxygen white dwarf yields M max ≃ 2.6M ⊙ . However, as recently discussed in Ref. [18, 19] , such stars would undergo global instabilities due to the huge magnetic forces exerted on their surface. Global stability of super-Chandrasekhar white dwarfs. For a stellar configuration to be stable, Chandrasekhar and Fermi [20] showed a long time ago that the magnetic energy
should be lower than the absolute value of the gravitational energy
where Φ is the gravitational potential. For the superChandrasekhar white dwarf configurations obtained in Ref. [8] , using the analytic solutions of the Lane-Emden equation we find that
where α = e 2 /hc is the fine-structure constant. Therefore, we must conclude that a star endowed with a uniform and strongly quantizing magnetic field is globally unstable. Note that this conclusion is independent of the magnetic field strength, as shown by Eq. (8) . However, the existence of super-Chandrasekhar magnetic white dwarfs is not necessarily ruled out. Indeed, one may assume that the magnetic field is the strongest at the center of the star, and decreases outwards in such a way that the global stability condition E mag < |E grav | is fulfilled. On the other hand, such stars could still be locally unstable due to matter neutronization.
Matter
The nucleus Y itself is generally unstable and captures another electron. Electron captures lead to a strong softening of the equation of state, since the pressure remains unchanged while the mass density increases from ρ = n e mA/Z to ρ = n e mA/(Z −2) (note that n e is essentially constant during the transition since P ≈ P e (n e )).
It is well-known that such a softening limits the stability of ordinary white dwarfs, as first pointed out by Gamow [21] and Chandrasekhar [22] a long time ago (see also Refs. [23, 24] ). For the process (9) to occur in a layer of the star characterized by a pressure P , the following inequality has to be fulfilled:
where g(P, A, Z) denotes the Gibbs free energy per nucleon for nuclei with proton number Z and mass number A, given by (see, e.g., Ref. [10] and references therein)
∆(A, Z) being the mass excess of the nucleus, and µ e = dE e /dn e is the electron chemical potential. The lattice contribution to g is small and has thus been ignored. It mostly affects the equation of state at low densities (see, e.g., Ref. [10] ). In principle, ∆(A, Z) could also depend on the magnetic field. However, the effect induced by the magnetic field is very small for B < ∼ 10 17 G [25] . Note that for an isolated nucleus µ e = m e c 2 so Eq. (10) reduces to the familiar condition ∆(A, Z) ≥ ∆(A, Z − 1). Even though a nucleus in a vacuum could be stable, it will generally undergo electron capture in matter at high enough densities. Combining Eqs. (10) and (11), we find the following condition for electron capture to occur:
In the absence of magnetic fields and in the limit of ultrarelativistic electrons, µ e ≈hc(3π 2 n e ) 1/3 so the threshold mass density for matter to become unstable against electron captures is approximately given by
In the presence of a strongly quantizing magnetic field such that only the lowest level ν = 0 is filled, µ e ≈ 2π 2 m e c 2 λ 3 e n e /B ⋆ (see, e.g., Ref. [10] ) and the threshold mass density thus becomes
Local stability of super-Chandrasekhar white dwarfs. The central density of such stars will be generally limited by the softening of the equation of state due to the complete filling of the lowest Landau level. However, if ρ β (A, Z, B ⋆ ) < ρ B (A, Z, B ⋆ ) at the center of the star, or equivalently
after combining Eqs. (14) and (3), the stellar matter will become locally unstable against electron capture. This instability will be accompanied by a strong softening of the equation of state, thus limiting the central density of the star.
The maximum maximorum of the white dwarf mass will therefore be reached for B ⋆ ≈ B β ⋆ . Note that µ β e , and hence also B β ⋆ , are uniquely determined by nuclear masses. Most white dwarfs are expected to have cores composed mainly of carbon and oxygen, the primary ashes of helium burning. However, some white dwarfs may contain other elements in their cores like helium [26] [27] [28] , neon and magnesium [29] or even much heavier elements like iron [30] . The masses of these nuclei have all been measured in the laboratory. Using the latest experimental data from the Atomic Mass Evaluation 2012 [ Fe (the nuclear masses can be obtained from the tabulated atomic masses after subtracting out the binding energy of the atomic electrons; however the differences are very small [33] and have been ignored here).
We have thus shown that the putative superChandrasekhar magnetic white dwarfs considered in Refs. [5] [6] [7] [8] [9] are only stable against electron capture provided B ⋆ < B β ⋆ . On the other hand, the star could still remain in a metastable state for B ⋆ > B β ⋆ since the magnetic field can strongly reduce the electron capture rate [34] . However, this reduction is most effective at very low densities ρ ≪ ρ B [34] ; in the stellar core at densities ρ ≈ ρ B nuclei will therefore capture electrons at essentially the same rate as in ordinary white dwarfs. Let us consider the carbon-oxygen white-dwarf configuration discussed in Ref. [8] with the mass M ≃ 2.6M ⊙ and magnetic field B ⋆ ≃ 2 × 10 4 . Using the nuclear model described in Refs. [35, 36] , we find that carbon and oxygen would capture electrons at a rate of order 10 4 events per second at the center of the star where ρ c ≈ ρ B . Therefore, such a star would be highly unstable. In addition, the star would also be unstable against neutron emission. Indeed, this process becomes energetically favorable when the Gibbs free energy per nucleon g exceeds the neutron rest mass energy. Using Eq. (11) with µ e ≈ 2π
2 m e c 2 λ 3 e /B ⋆ (strongly quantizing magnetic field), we find that neutron emission can occur in the stellar core if B ⋆ > 531 for carbon and B ⋆ > 570 for oxygen, magnetic field strengths much lower than the value B ⋆ ≃ 2 × 10 4 assumed to prevail in the star. Pycnonuclear reactions. At sufficiently high densities, the quantum-zero point fluctuations of nuclei about their equilibrium position may become large enough to trigger pycnonuclear fusion reactions
However, the rates at which these processes occur still remain very uncertain (see, e.g., Ref. [37] ). Let us simply consider that nuclei will fuse at densities ρ > ρ pyc . For a given magnetic field, the threshold density for the onset of electron capture is generally lower for the daughter nucleus 3), we find that pycnonuclear fusions will not further reduce the stability of white dwarfs if they occur at high enough densities, namely
Examples of values of ρ min pyc are 2.4 × 10 9 g cm −3 for the fusion of 12 C, 1.2 × 10 8 g cm −3 for the fusion of 16 O, and 6.6 × 10 7 g cm −3 for the fusion of 20 Ne.
Conclusion.
Putative super-Chandrasekhar white dwarfs endowed with uniform strongly quantizing magnetic fields, as considered in Refs [5] [6] [7] [8] [9] , are found to be globally unstable (see also Refs. [18, 19] ). However, this conclusion does not necessarily preclude the existence of super-Chandrasekhar magnetic white dwarfs with spatially varying magnetic fields in their interior. On the other hand, the softening of the equation of state accompanying the onset of electron captures and pycnonuclear reactions in the core of these stars will lead to local instabilities. We have shown that these instabilities set an upper limit to the magnetic field strength at the center of the star, ranging from 10 14 G to 10 16 G depending on the core composition. In particular, pycnonuclear reactions can occur in the core of carbon (oxygen) white dwarfs if the magnetic field strength exceeds about 3.1 × 10 15 G (4.2 × 10 14 G). These values are significantly lower than those considered in Refs [5] [6] [7] [8] [9] . The stability of these stars may be further limited by general relativity [19] and by the pressure anisotropy induced by the presence of the magnetic field [6, 38] (but see also Refs. [39, 40] ). As a matter of fact, observations suggest an upper limit of the surface magnetic field strength of B ≈ 10 9 G for isolated white dwarfs [41] , while in binary systems, B is typically 1 − 6 × 10 7 G [42] , in rare cases exceeding 10 8 G (see, e.g., Ref. [43] ). It remains to be shown that stellar configurations with central magnetic fields as strong as 10 15 − 10 16 G are stable. Further studies of hydromagnetostatic equilibrium are therefore needed before any firm conclusions on the existence of super-Chandrasekhar magnetic white dwarfs can be drawn.
